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Abstract—A new method for solving the elasticity problem for thick and thin shells is proposed.
The method is based on the concept of reference surfaces inside the shell. According to this
method, N reference surfaces are introduced in the body of the shell so that they are parallel to the
midsurface and located at the Chebyshev polynomial nodes, which permits taking the displacement
vectorsu®, u?, ..., u’v of these surfaces for the desired functions. This choice of the desired functions
allows one to represent the resolving equations of the proposed theory of higher-order shells in
a sufficiently concise form and obtain deformation relations which permit describing the shell
displacements as motions of a rigid body.
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1. INTRODUCTION

In the traditional construction of shell theory, displacements are expanded in power series in the
transverse coordinate #3 measured along the outer normal to the medium surface. For an approximate
representation of the displacement field, one can use finite segments of the power series, because the
main goal in the theory of elastic shells is to obtain approximate solutions of three-dimensional elasticity
problems. The idea of this approach goes back to Cauchy[1]. But the seeming advantage of this theory is
lost in static problems for thick elastic shells, where one has to retain very many terms of the expansion
to obtain reasonable results.

In a more efficient approach, reference surfaces Q', Q2, ..., Q% parallel to the medium surface are
introduced in the shell body so as to use the displacement vectors of these surfaces as the unknown
functions [2, 3]. This choice of the unknown functions with the subsequent use of Lagrange polynomials
of degree N — 1 in the spatial approximations to the displacements allows one to represent the resolving
equations of the proposed theory of higher-order shells in a sufficiently concise form and construct
deformation relations whose exactly describe the shell displacements as motions of a rigid body in a
system of curvilinear surface coordinates. But no proof of this fundamental statement has been given.
We also note that the idea of the method of reference surfaces goes back to [4—9], where various versions
of geometrically linear and nonlinear shell theories were constructed by using the shell face surfaces 2~
and Q7T as the reference surfaces.

The theory of higher-order shells [2, 3] is based on the use of equidistant reference surfaces, and
the face surfaces are also chosen as references surfaces. This hinders the application of this theory to
thick shells. The point is that, because of the Runge phenomenon, the proposed spatial polynomial
interpolation of the displacement vector with the use of Lagrange polynomials of higher degrees can
lead to significant oscillations of the polynomial approximations in the boundary effect region. This phe-
nomenon was discovered in [10] when studying the polynomial interpolation error in the approximation
of several functions on a uniform grid. The interpolation error can tend to infinity as the polynomial
degree increases. In numerical analysis, this effect is usually suppressed by taking the roots of the
Chebyshev polynomial [11]for the interpolation nodes, which allows significantly improving the behavior
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of higher-degree polynomial approximations, for which the interpolation error tends to zero as N — oo.
This permits determining the solution of three-dimensional static problems for thick shells with any
prescribed accuracy for sufficiently many reference surfaces.

2. SHELL KINEMATICS

We consider a shell of constant thickness h. We refer the midsurface €2 to curvilinear orthogonal
coordinates 61, 65 counted along the principal curvature lines, while the coordinate 63 is counted in the
transverse direction. The basis vectors of the shell medium surface have the form

Aq =T o = Aaeou az = eg, (21)

where r = r(61, 62) is the position vector of the medium surface, the A, (601, 62) are the coefficients of the
first quadratic form, the e, (61, 62) are the unit tangent vectors to the coordinate lines 6, and ez (61, 62) is
the unit outward normal vector to the medium surface. Note that the convention concerning summation
over repeated indices is not used in the present paper.

Let R = r + f3e3 be the shell position vector; then the basis vectors in the shell body can be
represented as

8a = R,a = Aacaeon g3 = R,3 = es3, (22)

where the ¢, = 1 + k.03 are the components of the geometric shear tensor and the &, are the principal
curvatures.
By R! = r + 6e3 we denote the position vectors of the reference surfaces Q! which lie inside the

interval (—h/2, h/2) at the nodes of the Chebyshev polynomial of degree N, where 61 are the transverse
coordinates of the surfaces Q! defined according to [11] by the formula

0 = — Z cos <7r 212;7 L > (2.3)

Then the basis vectors of the reference surfaces shown in Fig. 1 have the form
gé = R{a = Aacéeon g§ = €3, (2.4)

where the ¢Z = 1 + k401 are the components of the geometric shear tensor on the surfaces /.
The basis vectors in the shell body in a strained state are determined by the formulas

gi=R,=gitu (2.5)

where R = R + u is the position vector of the deformed shell and u is the displacement vector.
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The basis vectors of the reference surfaces Q! in the strained state can be represented as
B =Rl =g, +ul, & =805 =e3+p, (2.6)
u' =u(63), B’ =us(6), (2.7)
where the RT = R + u! are the position vectors of the surfaces Q in the strained state, the u1(91, 62)

are the displacement vectors of the surfaces Q! and the ﬁl(Ql, 02) are the values of the derivative of

the three-dimensional displacement vector with respect to the coordinate 63 on the surfaces Q. From
now on, the indices I, J, K indicate that a certain variable pertains to a reference surface and take the
values 1,2,..., N, the Greek indices are o, 6 = 1, 2, and the Latin indices are ¢, j, k,m = 1,2, 3.

2.
2.

3. DEFORMATION RELATIONS
In the system of curvilinear orthogonal coordinates 6;, the strain tensor can be written as [12, 13]

1 _
251']' - AiAjCiCj (gz ‘85 — 8 g])7 (31)

where Az = 1 and ¢; = 1. The values of the strain tensor components on the reference surfaces Q have
the form

1

AL AL
AZA]cZ-cj

2¢); = 2¢j(63) = (& -8 —8l g (3.2)

By introducing the basis vectors (2.4) and (2.6) into the deformation relations (3.2) of 3D elasticity
and by omitting the nonlinear terms, we obtain
[ W €a,

A (3.3)
I

1

I I I I

26,3 =0 'ea+Aclu7a-e3, £33 =3 - es.
o

1
uIa'eﬁ +

1
2! =

Further, we represent the vectors u! and 37 in the orthonormal basis e; by the formulas

u! = Zui]ei, (3.4)
Bl =) bl (3.5)

From expansion (3.4) with the formulas of differentiation of the basis vectors e; with respect to the
curvilinear orthogonal coordinates [14]

1
A, €q,a = _Baeﬁ — kqe3, A, €3,a = B.eq,
1 1 (3.6)
a — Ra€a, Ba = Aa
A, kae AuAy s (B#Fa)
taken into account, we obtain
1
4, W=D Maes, (3.7)
1 1
I _ I I I I _ I I I _ I I
Ao = A, Ug o + Batlg + katz, Agq =ug,— Baty (BF# @), A3, = A u3 o — katly. (3.8)

By substituting the expansions (3.5) and (3.7) into formulas (3.3), we obtain the scalar form of the
linearized deformation relations

1 1 1
Qgéﬁ = ol )‘éﬁ + ol )‘éaa 25&3 = Bé + ol Aﬁa, Eég = ﬁé. (3.9)

ﬁ « «
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4. SPATIAL APPROXIMATIONS TO DISPLACEMENTS AND STRAINS

Note that no assumptions about the character of the displacement and strain distribution over the
shell thickness have been made so far. We assume that the displacements are distributed across the
shell thickness according to the law [2]

ui=>» L', (4.1)
I
where the L?(63) are the Lagrange polynomials of degree N — 1 defined by the formula
03 — 04
I_ 303
L' =1] ol o (4.2)
JAI 7378
In this case, L1(0]) = 1if J = T and L1 (0) = 0if J # 1.
[t follows from relations (2.7), (3.5), (4.1), and (4.2) that
Bl =Y M), (4.3)
J

where the M1 = L{3 are polynomials of degree N — 2; their values on the reference surfaces Q! are
determined by the formulas

J gl 1 03 — 65
M (93):9J_91 H 0J — oK (J #1),
3 3 K£1,J 73 3 (44)
M (65) =~ M7(63).
J#I

Thus, the determining functions 3! of the proposed shell theory are represented as a linear combination

of displacements u; of the reference surfaces.

The next step is to choose the strain distribution law across the shell thickness. It is obvious that the
strain distribution in the transverse direction must be consistent with the displacement distribution (4.1);
i.e., we have

ey = L'el;. (4.5)
I

Theorem. Deformation relations (3.3), (4.5) exactly represent the shell displacement as mo-
tions of a rigid body in the system of curvilinear spatial coordinates.

Proof. The displacement of the reference surfaces Q! as motions of a rigid body can be represented
as[15, 16]

(u)Rieid — A + & x R, (4.6)
A=) Ne;, &= e, (4.7)
where A is the shell translational motion vector and @ is the rotation vector. According to [14], we have
A,=0 &,=0. (4.8)

[t follows from (4.6) with (2.1), (3.6), and (4.8) taken into account that
(ul )Fied = 4,cl® x e,. (4.9)

By taking into account the identities

> M7(03) =0, > 0{M7(03) =1 (4.10)
J J
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which, in turn, follow from the obvious identities

> L7(0s) =1, ZQJLJ 03) = 03 (4.11)
J

and by considering (2.7), (4.1), and (4.6), we obtain
ngld ZMJ 9[ ngld — P x es. (412)

By introducing (4.9) and (4. 12) into the deformation relations (3.3), we arrive at
ngld ZMJ 9[ ngld — P x es, (413)

as required.

5. TOTAL POTENTIAL ENERGY

We substitute the deformations (4.5) into the expression for the total potential energy of the elastic
body[17], introduce the resultant stresses [2]

h/2
HZ-I]-: /JZ‘]‘Llclcgd@g, (51)
—h/2

and obtain

1
= //[2 ZZH{JE{J - Z(Cfcgp;r“j —cycyp; u; )| ArAz doy dby — W, (5.2)
i\

)

where p; and p; are surface loads acting on the shell outer and inner surfaces Q= and Q,
u; =wu;(—h/2) and uj = u;(h/2) are the displacements of the surfaces Q= and QF, ¢, = 1 — kh/2

and ¢t =1+ kqoh/2 are components of the geometric shear tensor on the surfaces Q= and QF, and Wy,
is the work of the external loads acing on the shell lateral surface X.
We restrict our consideration to the case of linearly elastic materials obeying the generalized Hooke

law
0y = Z CijkmEkm. (5.3)
k,m

where Cjjn, is the tensor of elastic moduli.
We substitute the stresses (5.3) into (5.1), take into account the strain distribution in the transverse
direction, and obtain the formula for calculating the resultant stresses,

=>"> Dl et (5.4)

J km
h/2
ngkm = Cijkm / LILJClCQ dfs. (55)
—h/2

6. NUMERICAL RESULTS

As an example, consider the bending of a hinged short cylindrical shell of dimension L/R = 4 loaded
on the inner surface (2~ by the sinusoidally distributed load

p; = —posin ng cos(46s), (6.1)
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Table 1
N Us(0) 511(0.5) S22(0.5) S12(—0.5) S13(0) Sa3(0) S33(—0.5)
6 7.272 0.914 4.290 —1.597 1.514 —2.128 —1.145
7 7.483 1.167 5.042 —1.741 1.496 —1.987 —1.069
9 7.501 1.287 5.141 —1.759 1.503 —2.073 —1.020
11 7.503 1.324 5.159 —1.761 1.504 —2.052 —1.005
13 7.503 1.332 5.163 —1.761 1.504 —2.056 —1.001
[18] 7.503 1.332 5.163 —1.761 1.504 —2.056 —1.000
Table 2
N Us(0) 511(0.5) S22(0.5) S12(—0.5) S13(0) Sa3(0) S33(—0.5)
6 7.249 0.937 4.413 —1.583 1.508 —2.125 —1.139
7 7.466 1.202 5.065 —1.730 1.496 —1.983 —1.067
9 7.498 1.354 5.166 —1.756 1.498 —2.065 —1.025
11 7.509 1.439 5.234 —1.764 1.511 —2.068 —1.018
13 7.531 1.520 5.324 —1.773 1.501 —2.041 —1.026
[18] 7.503 1.332 5.163 —1.761 1.504 —2.056 —1.000

where L is the shell length, R is the medium surface radius, and 6, 62 are the meridional and
circular coordinates of the shell. The shell is manufactured of a composite material with the following
characteristics [18]: B, = 25FE1, Gur = 0.5E1, Grr = 0.2E7, Er = 10°, and i1 = vpr = 0.25.
The subscripts ‘L” and ‘T correspond to the reinforcement direction and the transverse direction. The
reinforcing filaments lie in the circular direction.

To satisfy the boundary conditions, we assume that

ul =l cos WLQI cos(46), ud =ulysin WLHI sin(46y), ul =ul;sin ng cos(462). (6.2)

We substitute the displacements (6.2) into the formula for the total potential energy (5.2), take into
account relations (3.8), (3.9), (4.3), (5.4), and Wy = 0, and obtain

IT = T (uly). (6.3)

Further, we apply the principle of minimum of the total potential energy and obtain a system of algebraic
equations of order IV,

oIl

oul,

The above-described algorithm was implemented in the programming environment MATLAB using
the package ToolBox Symbolic Math, which allows one to perform symbolic calculations. As a result, we
obtain an analytic solution of the problem on the basis of the considered theory of higher-order shells.

To compare the results with the analytic solution of the three-dimensional elasticity problem [18], we
introduce the three-dimensional variables

100h%011(L/2,0, 2) s 10h2092(L /2,0, 2) s 100h%012(0,7/8, 2)
22 = 12 =

= 0. (6.4)

Si1 = =
H polR? ’ ? polt? ’ polt? ’
100h 0,0 10A L/2,7/8 L/2,0
Sl3 _ 013( ) 72) ’ 523 _ 023( / 77T/ 7Z) 7 533 _ 033( / ) 7Z) 7 (65)
poR poR Po
10ELhSU3(L/2,0,Z) 93
Us = , 2= .
poR* h

The data in Table 1, which were obtained by using the reference surfaces at the nodes of the
Chebyshev polynomial, and the data in Table 2, which were obtained by using the equidistant reference
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surfaces [3], show that, for a sufficiently large IV, one can obtain a good agreement with the analytic
solution of the elasticity problem [18] even for a thick shell with R/h = 2. Note that the approach in [3]
leads to rather good results for N = 9; the choice of a greater number of reference surfaces does not
improve the results of calculations, because there is no uniform convergence to the exact solution of
the problem. The distribution of dimensionless stresses S;; over the shell thickness, which is shown in
Figs. 2—4 in the case of 11 reference surfaces for shells with geometric parameters R/h = 2,4, 10, 100,
also testifies that the proposed method for solving static problems for thick and thin shells in the 3D
statement is highly promising. The solid curves were obtained by using this approach, and the small
circles present the results obtained in [18]. We can see that the boundary conditions on the shell face
surfaces for the transverse components of the stress tensor are satisfied with a sufficiently high accuracy.

Figures 57 additionally show the logarithmic error §; =1g | S3 — S;3| in the boundary conditions for
these stresses on the inner surface (curves with small circles) and the outer surface (curves with small
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squares) for various values of the parameter N. Figures 5 a, 6 a, 7 a illustrate the results of solution of the
problem by the proposed method, Figs. 5 b, 6 b, 7 b show the results obtained in [3]. As was already noted,
the calculations based on the use of equidistant surfaces [3] do not ensure the monotone convergence of
the solution and give an inadequate description of the shell stress state in the boundary effect region for
interpolation polynomials of high degree.

7. CONCLUSION

A new method for solving 3D elasticity problems for thick and thin shells is proposed. According to
this method, several reference surfaces are introduced inside the shell at the nodes of the Chebyshev
polynomials so as to take the displacement vectors of these surfaces for the unknown functions. It is
shown that the solutions of three-dimensional static problems for elastic shells can be found with any
prescribed accuracy for sufficiently many reference surfaces.
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