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This paper focuses on the implementation of the method of sampling surfaces (SaS) for three-dimensional
(3D) exact solutions of the steady-state problem of thermoelasticity for laminated composite shells. The
SaS method is based on selecting inside the nth layer In not equally spaced SaS parallel to the middle
surface of the shell to choose temperatures and displacements of these surfaces as basic shell variables.
This permits the presentation of the proposed thermoelastic shell formulation in a very compact form.
The SaS are located inside each layer at Chebyshev polynomial nodes improving the convergence of
the SaS method significantly. As a result, the SaS method can be applied efficiently to 3D exact solutions
of thermoelasticity for laminated composite shells with a specified accuracy by using the sufficient num-
ber of SaS.

� 2014 Elsevier Ltd. All rights reserved.
1. Introduction

In recent years, a considerable work has been carried out on the
3D exact thermal analysis of laminated composite structures [1,2].
In the literature, there are at least four approaches to exact solu-
tions of thermoelasticity and thermoelectroelasticity for laminated
composite shells, namely, the state space approach, the series
expansion approach, the asymptotic approach and the sampling
surfaces (SaS) approach. The state space approach was imple-
mented for the analysis of elastic and piezoelectric shells in papers
[3–5]. The most popular series expansion approach was exten-
sively utilized by many authors to analytical solutions for thermal
laminated and functionally graded composite shells [6–12]. The 3D
exact solutions utilizing the asymptotic approach were obtained in
contributions [13,14]; see also the survey paper [15]. The Navier
solutions for 2D steady-state and transient analyses of thermoelas-
tic composite cylindrical shells were obtained in [16,17]. Recently,
the SaS approach has been applied to the 3D exact heat conduction
analysis of laminated composite shells [18]. However, the SaS
approach has not been applied to 3D thermoelastic problems for
laminated composite shells yet. The present paper serves to fill
knowledge gaps in this research area.

The SaS method was utilized by the authors for the exact analysis
of elastic [19,20] and electroelastic [21,22] laminated structures.
This method showed its high efficiency for deriving the 3D
analytical solutions for laminated functionally graded plates and
shells [23,24]. As SaS XðnÞ1;XðnÞ2; . . . ;XðnÞIn , we choose inner surfaces
inside the nth layer of the shell in order to introduce temperatures
TðnÞ1; T ðnÞ2; . . . ; TðnÞIn and displacement vectors uðnÞ1;uðnÞ2; . . . ;uðnÞIn of
these surfaces as basic shell variables, where In is the total number
of SaS of the nth layer (In P 3). Such choice of temperatures and
displacements with the consequent use of the Lagrange polynomi-
als of degree In �1 in the thickness direction for each layer allows
the presentation of governing equations of the thermoelastic lam-
inated shell formulation in a very compact form.

It should be noted that the SaS method with equally spaced SaS
does not work properly with the Lagrange polynomials of high
degree because of the Runge’s phenomenon [25]. This phenome-
non can yield the wild oscillation at the edges of the interval when
the user deals with any specific functions. If the number of equally
spaced nodes is increased then the oscillations become even larger.
However, the use of the Chebyshev polynomial nodes [26] inside
each layer can help to improve significantly the behavior of the
Lagrange polynomials of high degree because such choice permits
to minimize uniformly the error due to the Lagrange interpolation.

The origins of the SaS approach can be found in contributions
[27,28] in which three, four and five equally spaced SaS are
employed. The SaS method with the arbitrary number of
equispaced SaS is considered in [29]. The more general approach
with the SaS located at Chebyshev polynomial nodes was
developed later [30]. It is interesting to note that in the finite layer
method [31], which is the most efficient semi-analytical method
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for the 3D analysis of simply supported laminated plates [32,33],
the plate is divided through the thickness into a number of finite
layers following the general layer-wise concept [34–37]. Within
each finite layer, the trigonometric functions are employed for
in-plane interpolations of displacements, whereas the lower-order
Lagrange polynomials with equispaced nodal points are accepted
for the interpolation in the thickness direction. Thus, the difference
between the SaS method and the finite layer method consists in the
following: the p-refinement is used in the former while the h-
refinement is used in the latter. This means that 3D solutions
derived via the finite layer method are approximate. To obtain
the 3D exact solutions the p-refinement should be invoked. As
pointed out, the SaS method utilizes the Lagrange polynomials of
high degree with the Chebyshev polynomial nodes that allows
one to minimize uniformly the error due to the Lagrange interpo-
lation. This fact gives an opportunity to find the 3D exact solutions
for thermoelastic laminated composite shells with a prescribed
accuracy employing the sufficient number of SaS.

2. Description of temperature and temperature gradient fields

Consider a thick laminated shell of the thickness h. Let the mid-
dle surface X be described by orthogonal curvilinear coordinates h1

and h2, which are referred to the lines of principal curvatures of its
surface. The coordinate h3 is oriented along the unit vector e3(h1,h2)
normal to the middle surface. Introduce the following notations:
ea(h1,h2) are the orthonormal base vectors of the middle surface;
Aa(h1,h2) are the coefficients of the first fundamental form; ka(h1,h2)
are the principal curvatures of the middle surface; ca = 1 + ka h3 are
the components of the shifter tensor; cðnÞina ðh1; h2Þ are the compo-
nents of the shifter tensor at SaS defined as

cðnÞina ¼ ca hðnÞin3

� �
¼ 1þ kah

ðnÞin
3 ; ð1Þ

where hðnÞin3 are the transverse coordinates of SaS inside the nth layer
given by

hðnÞ13 ¼ h½n�1�
3 ; hðnÞIn

3 ¼ h½n�3 ;

hðnÞmn
3 ¼ 1

2
h½n�1�

3 þ h½n�3

� �
� 1

2
hðnÞ cos p 2mn � 3

2ðIn � 2Þ

� �
; ð2Þ

where h½n�1�
3 and h½n�3 are the transverse coordinates of layer

interfaces X[n�1] and X[n] depicted in Fig. 1; hðnÞ ¼ h½n�3 � h½n�1�
3 is

the thickness of the nth layer.
Here and in the following developments, the index n identifies

the belonging of any quantity to the nth layer and runs from 1 to
Fig. 1. Geometry of the laminated shell.
N, where N is the number of layers; the index mn identifies the
belonging of any quantity to the inner SaS of the nth layer and runs
from 2 to In �1, whereas the indices in, jn, kn describe all SaS of the
nth layer and run from 1 to In; Greek indices a, b range from 1 to 2;
Latin tensorial indices i, j, k, l range from 1 to 3.

Remark 1. It is seen from Eq. (2) that transverse coordinates of
inner SaS hðnÞmn

3 coincide with coordinates of the Chebyshev
polynomial nodes [26]. This fact has a great meaning for the
convergence of the SaS method [18–24].

The relation between the temperature T and the temperature
gradient C is given by

C ¼ rT: ð3Þ

In a component form it can be written as

Ca ¼
1

Aaca
T ;a; C3 ¼ T ;3; ð4Þ

where the symbol (. . .),i stands for the partial derivatives with
respect to coordinates hi.

We start now with the first and second assumptions of the pro-
posed thermoelastic laminated shell formulation. Let us assume
that the temperature and temperature gradient fields are distrib-
uted through the thickness of the nth layer as follows:

TðnÞ ¼
X

in

LðnÞin TðnÞin ; h½n�1�
3 6 h3 6 h½n�3 ; ð5Þ

CðnÞi ¼
X

in

LðnÞin CðnÞini ; h½n�1�
3 6 h3 6 h½n�3 ; ð6Þ

where T ðnÞin ðh1; h2Þ are the temperatures of SaS of the nth layer
XðnÞin ; CðnÞini ðh1; h2Þ are the components of the temperature gradient
at the same SaS; LðnÞin ðh3Þ are the Lagrange polynomials of degree
In �1 defined as

TðnÞin ¼ T hðnÞin3

� �
; ð7Þ

CðnÞini ¼ Ci hðnÞin3

� �
; ð8Þ

LðnÞin ¼
Y

jn–in

h3 � hðnÞjn3

hðnÞin3 � hðnÞjn3

: ð9Þ

The use of relations (4), (5), (7) and (8) yields

CðnÞina ¼ 1

AacðnÞina
TðnÞin;a ; ð10Þ

CðnÞin3 ¼
X

jn

MðnÞjn hðnÞin3

� �
TðnÞjn ; ð11Þ

where MðnÞjn ¼ LðnÞjn;3 are the derivatives of the Lagrange polynomials,
which are calculated at SaS as follows:

MðnÞjn hðnÞin3

� �
¼ 1

hðnÞjn3 � hðnÞin3

Y
kn–in ;jn

hðnÞin3 � hðnÞkn
3

hðnÞjn3 � hðnÞkn
3

for jn – in;

MðnÞinðhðnÞin3 Þ ¼ �
X
jn–in

MðnÞjn ðhðnÞin3 Þ: ð12Þ

It is seen from Eq. (11) that transverse components of the temper-
ature gradient at SaS are represented as a linear combination of
temperatures of all SaS of the nth layer TðnÞjn .

3. Description of displacement and strain fields

A position vector of the shell is written as R = r + h3 e3, where
r = r(h1,h2) is the position vector of any point of the middle surface.
The base vectors in the shell body are given by

ga ¼ R;a ¼ Aacaea; g3 ¼ R;3 ¼ e3: ð13Þ
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The position vector of the deformed shell is defined as

R ¼ R þ u; ð14Þ

where u is the displacement vector, which is always measured in
accordance with the total Lagrangian formulation from the initial
configuration to the current configuration directly. The base vectors
in the current shell configuration are written as

�gi ¼ R;i ¼ gi þ u;i: ð15Þ

Next, we represent the displacement vector in the reference
surface frame ei as follows:

u ¼ uiei: ð16Þ

Here and in the following developments, the summation on
repeated Latin indices is implied. Using Eq. (16) and formulas for
the derivatives of unit vectors ei with respect to curvilinear coordi-
nates ha [20] one finds

1
Aa

u;a ¼ kiaei; ð17Þ

where kia are the strain parameters expressed in terms of
displacements:

kaa ¼
1
Aa

ua;a þ Baub þ kau3 for b – a;

kba ¼
1
Aa

ub;a � Baua for b – a;

k3a ¼
1
Aa

u3;a � kaua; Ba ¼
1

AaAb
Aa;b for b – a: ð18Þ

The Green–Lagrange strain tensor in an orthogonal curvilinear
coordinate system [20] can be written as

2eij ¼
1

AiAjcicj
ð�gi � �gj � gi � gjÞ; ð19Þ

where A3 = 1 and c3 = 1. Substituting base vectors (13) and (15) into
the strain–displacement relationships (19), allowing for Eq. (17)
and discarding the non-linear terms, we arrive at the component
form of these relationships

2eab ¼
1
cb

kab þ
1
ca

kba;

2ea3 ¼
1
ca

k3a þ ua;3; e33 ¼ u3;3: ð20Þ

The following step consists in a choice of the suitable approxi-
mation of displacement and strain fields through the thickness of
the nth layer. It is apparent that the displacement and strain distri-
butions should be chosen similar to temperature and temperature
gradient distributions (5) and (6). Thus, the third and fourth
assumptions of the proposed thermoelastic laminated shell formu-
lation are

uðnÞi ¼
X

in

LðnÞin uðnÞini ; h½n�1�
3 6 h3 6 h½n�3 ; ð21Þ

eðnÞij ¼
X

in

LðnÞineðnÞinij ; h½n�1�
3 6 h3 6 h½n�3 ; ð22Þ

where uðnÞini ðh1; h2Þ and eðnÞinij ðh1; h2Þ are the displacements and strains
of SaS given by

uðnÞini ¼ ui hðnÞin3

� �
; ð23Þ

eðnÞinij ¼ eij hðnÞin3

� �
: ð24Þ

The use of Eqs. (20), (21), (23) and (24) leads to the following
strain–displacement relationships:
2eðnÞinab ¼ 1

cðnÞinb

kðnÞinab þ
1

cðnÞina
kðnÞinba ;

2eðnÞina3 ¼ 1

cðnÞina
kðnÞin3a þ bðnÞina ; eðnÞin33 ¼ bðnÞin3 ; ð25Þ

where kðnÞinia ðh1; h2Þ are the strain parameters of SaS; bðnÞini ðh1; h2Þ are
the values of the derivative of displacements with respect to thick-
ness coordinate h3 at SaS defined as

kðnÞinaa ¼ kaa hðnÞin3

� �
¼ 1

Aa
uðnÞina;a þ BauðnÞinb þ kauðnÞin3 for b – a;

kðnÞinba ¼ kbaðhðnÞin3 Þ ¼ 1
Aa

uðnÞinb;a � BauðnÞina for b – a;

kðnÞin3a ¼ k3a hðnÞin3

� �
¼ 1

Aa
uðnÞin3;a � kauðnÞina ; ð26Þ

bðnÞini ¼ ui;3 hðnÞin3

� �
¼
X

jn

MðnÞjn hðnÞin3

� �
uðnÞjni : ð27Þ

Thus, the key functions bðnÞini of the thermoelastic shell formulation
are represented according to (27) as a linear combination of dis-
placements of SaS of the nth layer uðnÞjni .

Remark 2. Strain–displacement relationships (25)–(27) exactly
represent rigid-body motions of the laminated shell in any
convected curvilinear coordinate system. The proof of this state-
ment is given in [20].
4. Variational formulation of heat conduction problem

The variational equation for the thermal laminated shell is writ-
ten as

dJ ¼ 0; ð28Þ

where J is the basic functional of the heat conduction theory given
by

J ¼ 1
2

Z Z
X

X
n

Z h½n�3

h½n�1�
3

qðnÞi CðnÞi A1A2c1c2dh1dh2dh3 �
Z Z

X
�
TQndX;

ð29Þ

where qðnÞi are the components of the heat flux vector of the
nth layer; Qn is the specified heat flux on the boundary
surface X ¼ X½0� þX½N� þ R, where R is the edge boundary surface
of a shell.

Substituting Eq. (6) into Eq. (29) and introducing the heat flux
resultants

RðnÞini ¼
Z h½n�3

h½n�1�
3

qðnÞi LðnÞin c1c2dh3; ð30Þ

one obtains

J ¼ 1
2

Z Z
X

X
n

X
in

RðnÞini CðnÞini A1A2dh1dh2 �
Z Z

X
�
TQndX: ð31Þ

Now, we accept the fifth assumption of the proposed thermo-
elastic laminated shell formulation. Let the constitutive equations
be Fourier heat conduction equations:

qðnÞi ¼ �kðnÞij CðnÞj ; h½n�1�
3 6 h3 6 h½n�3 ; ð32Þ

where kðnÞij are the components of the thermal conductivity tensor of
the nth layer.

The use of constitutive equations (32) and then the through-
thickness distribution (6) in Eq. (30) results in



G.M. Kulikov, S.V. Plotnikova / Composite Structures 115 (2014) 120–130 123
RðnÞini ¼ �
X

jn

KðnÞinjn kðnÞij CðnÞjnj ;

KðnÞinjn ¼
Z h½n�3

h½n�1�
3

LðnÞin LðnÞjn c1c2dh3: ð33Þ
5. Variational formulation of thermoelastic shell problem

The variational equation for the thermoelastic laminated shell
in the case of conservative loading can be written as [38]

dP ¼ 0; ð34Þ

where

P ¼
Z Z

X

X
n

Z h½n�3

h½n�1�
3

FðnÞA1A2c1c2dh1dh2dh3 �W; ð35Þ

FðnÞ ¼ 1
2

rðnÞij eðnÞij � gðnÞHðnÞ
� �

; ð36Þ

W ¼
Z Z

X
c½N�1 c½N�2 pþi u½N�i � c½0�1 c½0�2 p�i u½0�i

� �
A1A2dh1dh2 þWR; ð37Þ

where F(n) is the free-energy density of the nth layer; rðnÞij are the
components of the stress tensor of the nth layer; g(n) is the entropy

density of the nth layer; u½0�i ¼ uð1Þ1i and u½N�i ¼ uðNÞIN
i are the displace-

ments of the bottom and top surfaces X[0] and X[N]; c½0�a ¼ 1þ kah
½0�
3

and c½N�a ¼ 1þ kah
½N�
3 are the components of the shifter tensor at the

bottom and top surfaces; p�i and pþi are the loads acting on the bot-
tom and top surfaces; WR is the work done by external loads
applied to the edge surface R; H(n) is the temperature rise from
the initial reference temperature T0 defined as

HðnÞ ¼ T ðnÞ � T0: ð38Þ

Substituting the strain distribution (22) and temperature
distribution

HðnÞ ¼
X

in

LðnÞin HðnÞin ; h½n�1�
3 6 h3 6 h½n�3 ; ð39Þ

which follows from Eqs. (5) and (38) into Eqs. (35) and (36), and
introducing stress resultants

HðnÞinij ¼
Z h½n�

3

h½n�1�
3

rðnÞij LðnÞin c1c2dh3 ð40Þ
Table 1
Results for a single-layer cylindrical panel with R/h = 4.

I1 �u1ð0Þ �u1ð0:5Þ �u3ð0Þ

3 �1.33335245611 �0.229014287140 �3.58727478017
7 �1.49090282843 �0.390068083719 �4.06260937970

11 �1.49089185310 �0.390061322741 �4.06268242196
15 �1.49089250264 �0.390061277070 �4.06268117134
19 �1.49089268284 �0.390061271348 �4.06268096048
23 �1.49089274538 �0.390061270154 �4.06268090520
27 �1.49089277126 �0.390061269820 �4.06268088625
31 �1.49089278345 �0.390061269706 �4.06268087848
35 �1.49089278977 �0.390061269641 �4.06268087491

Table 2
Results for a single-layer cylindrical panel with R/h = 10.

I1 �u1ð0Þ �u1ð0:5Þ �u3ð0Þ

3 �0.909888596925 �0.619378361365 �3.02606946071
7 �0.902477846094 �0.615279526225 �3.01619078234

11 �0.902477769111 �0.615279466811 �3.01619060171
15 �0.902477770525 �0.615279466361 �3.01619059700
19 �0.902477770994 �0.615279466303 �3.01619059626
23 �0.902477771165 �0.615279466291 �3.01619059607
27 �0.902477771238 �0.615279466287 �3.01619059601
31 �0.902477771272 �0.615279466286 �3.01619059599
and entropy resultants

SðnÞin ¼
Z h½n�3

h½n�1�
3

gðnÞLðnÞin c1c2dh3; ð41Þ

one derives

P ¼ 1
2

Z Z
X

X
n

X
in

HðnÞinij eðnÞinij � SðnÞin HðnÞin
� �

A1A2dh1dh2 �W: ð42Þ

Next, we introduce the sixth and last assumption of the thermo-
elastic laminated shell formulation. Let us consider the case of lin-
ear thermoelastic materials. Therefore, the constitutive equations
[39] are expressed as follows:

rðnÞij ¼ CðnÞijk‘e
ðnÞ
k‘ � cðnÞij HðnÞ; h½n�1�

3 6 h3 6 h½n�3 ; ð43Þ

gðnÞ ¼ cðnÞij eðnÞij þ vðnÞHðnÞ; h½n�1�
3 6 h3 6 h½n�3 ; ð44Þ

where CðnÞijkl are the elastic constants of the nth layer; cðnÞij are the ther-
mal stress coefficients of the nth layer; v(n) is the entropy-temper-
ature coefficient defined as

vðnÞ ¼ qðnÞcðnÞv =T0; ð45Þ

where q(n) and cðnÞv are the mass density and the specific heat per
unit mass of the nth layer at constant strain.

Substituting constitutive equations (43) and (44) correspond-
ingly in Eqs. (40) and (41) and allowing for Eqs. (22) and (39),
we have

HðnÞinij ¼
X

jn

KðnÞinjn CðnÞijk‘e
ðnÞjn
k‘ � cðnÞij HðnÞjn

� �
; ð46Þ

SðnÞin ¼
X

jn

KðnÞinjn cðnÞij eðnÞjnij þ vðnÞHðnÞjn
� �

: ð47Þ
6. Exact solution for laminated anisotropic cylindrical panels in
cylindrical bending

In this section, we study a laminated anisotropic cylindrical
panel in cylindrical bending subjected to temperature and
mechanical loading. The boundary conditions for the simply
�u3ð0:5Þ Hð0Þ Hð0:5Þ

�6.39818246797 �2.42443792227 �33.5041430185
�6.59998531048 �3.40822713378 �35.8130374231
�6.59996248164 �3.41180374482 �35.8129477440
�6.59996231894 �3.41216064507 �35.8129473780
�6.59996229874 �3.41224286935 �35.8129473329
�6.59996229452 �3.41226955646 �35.8129473235
�6.59996229334 �3.41228025049 �35.8129473209
�6.59996229294 �3.41228519676 �35.8129473200
�6.59996229293 �3.41228773576 �35.8129473200

�u3ð0:5Þ Hð0Þ Hð0:5Þ

�3.69298578042 �14.3730883053 �34.5560705494
�3.67221861658 �14.4795596826 �34.6654572975
�3.67221847246 �14.4797176558 �34.6654569586
�3.67221847139 �14.4797352151 �34.6654569565
�3.67221847125 �14.4797392049 �34.6654569562
�3.67221847122 �14.4797404923 �34.6654569562
�3.67221847122 �14.4797410066 �34.6654569562
�3.67221847121 �14.4797412441 �34.6654569562
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supported shell with edges maintained at the reference tempera-
ture are written as

rðnÞ11 ¼ rðnÞ12 ¼ uðnÞ3 ¼ HðnÞ ¼ 0 at h1 ¼ 0 and h1 ¼ L; ð48Þ

where h1 is the circumferential coordinate; L = /R is the length of
the middle circular arc; R is the radius; / is the arc angle. To satisfy
boundary conditions, we search for the analytical solution of the
problem by a method of the Fourier series expansion

HðnÞin ¼
X

r

HðnÞinr sin
rph1

L
; ð49Þ

uðnÞina ¼
X

r

uðnÞinar cos
rph1

L
; uðnÞin3 ¼

X
r

uðnÞin3r sin
rph1

L
; ð50Þ

where r is the wave number. The external loads are also expanded
in Fourier series.
Fig. 2. Through-thickness distributions of temperature, heat flux, transverse d
The use of Eqs. (49) and (50) and Fourier series corresponding to
mechanical loading in Eqs. (10), (11), (25), (26), (27), (31), (33),
(37), (42), (46) and (47) yields

J ¼
X

r

Jr HðnÞinr

� �
; ð51Þ

P ¼
X

r

Pr uðnÞinir ;HðnÞinr

� �
: ð52Þ

Invoking variational equations (28) and (34), we arrive at the fol-
lowing systems of linear algebraic equations:

@Jr

@HðnÞinr

¼ 0; ð53Þ

@Pr

@uðnÞinir

¼ 0 ð54Þ
isplacement and stresses for a single-layer cylindrical panel with I1 = 11.
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of orders K and 3K, where K ¼
P

nIn � N þ 1. First, we solve the lin-
ear system (53) using the Gaussian elimination method then the
linear system (54) is solved by the same method.

The described algorithm was performed with the Symbolic
Math Toolbox, which incorporates symbolic computations into
the numeric environment of MATLAB. This permits the derivation
of exact solutions of thermoelasticity for laminated anisotropic
cylindrical panels in cylindrical bending with a specified accuracy.

6.1. Single-layer composite cylindrical panel

As a numerical example, we consider a single-layer cylindrical
panel made of the graphite-epoxy composite with the fibers ori-
ented in h1-direction. The material properties of the composite
are taken to be EL = E0, ET = E0/10, GLT = E0/20, GTT = E0/50, mLT = mTT

= 0.25, aL = a0, aT = 7.2a0, kL = 100k0, kT = k0, q = 1800 Kg/m3 and
cv = 900 J/KgK, where E0 = 2 � 1011 Pa, a0 = 5 � 10�6 1/K and
k0 = 0.5 W/mK.

The shell is loaded on the top surface by the sinusoidally dis-
tributed heat flux, whereas the bottom surface is assumed to be
heat-insulated, that is

qþ3 ¼ q0 sin
ph1

L
; q�3 ¼ 0; ð55Þ

where q0 = 1 W/m2 and T0 = 293 K. The geometric parameters of the
shell are chosen to be R = 1 m and / = p/2. To analyze the derived
results efficiently, we introduce the following dimensionless
variables:

�u1 ¼ 103k0u1ð0; zÞ=SL2a0q0; �u3 ¼ 103k0u3ðL=2; zÞ=SL2a0q0;

�r11 ¼ 102Sk0r11ðL=2; zÞ=LE0a0q0; �r13 ¼ 103S2k0r13ð0; zÞ=LE0a0q0;

�r33 ¼ 103S2k0r33ðL=2; zÞ=LE0a0q0; H ¼ 103k0HðL=2; zÞ=Lq0;

�q3 ¼ q3ðL=2; zÞ=q0; S ¼ R=h; z ¼ h3=h:

Tables 1 and 2 show the results of the convergence study due to
increasing the number of SaS. As it turned out, the SaS method pro-
vides 12 right digits for the temperature on the top surface utiliz-
ing 29 inner SaS inside the shell body for S = 4 and 17 SaS for S = 10.
It should be noted that herein the bottom and top surfaces are not
included into a set of SaS because the use of the Chebyshev
polynomial nodes allows one to minimize uniformly the error
due to the Lagrange interpolation. Fig. 2 displays the distributions
Table 3
Results for a cross-ply panel [0/90] with L/h = 5.

In �u1ð0:5Þ �u2ð0:5Þ �u3ð0Þ �r11ð�0:5Þ �r13ð�0:2

3 �10.413 0.0000 2.5781 �9.1834 2.0730
5 �10.495 0.0000 2.6030 �9.1815 4.0091
7 �10.495 0.0000 2.6030 �9.1716 3.9955
9 �10.495 0.0000 2.6030 �9.1714 3.9954
11 �10.495 0.0000 2.6030 �9.1714 3.9954
Vel [40] �10.495 0.0000 2.603 �9.171 4.00

Table 4
Results for an angle-ply panel [45/–45] with L/h = 5.

In �u1ð0:5Þ �u2ð0:5Þ �u3ð0Þ �r11ð�0:5Þ �r13ð�0:2

3 �5.7814 1.7803 1.7049 �2.1688 0.61235
5 �5.6540 1.7338 1.6575 �2.0507 0.98221
7 �5.6539 1.7338 1.6575 �2.0492 0.98142
9 �5.6539 1.7338 1.6575 �2.0492 0.98141
11 �5.6539 1.7338 1.6575 �2.0492 0.98141
13 �5.6539 1.7338 1.6575 �2.0492 0.98141
Vel [40] �5.654 1.734 1.657 �2.049 0.98
of temperature, heat flux, transverse displacement and stresses
through the thickness of the cylindrical panel for different values
of the slenderness ratio S employing 11 SaS. These results demon-
strate convincingly the high potential of the developed SaS formu-
lation because boundary conditions on the bottom and top surfaces
of the cylindrical panel for the heat flux and transverse stresses are
satisfied exactly.

6.2. Two-layer cross-ply and angle-ply panels

Here, we study two-layer cross-ply and angle-ply flat panels
with equal ply thicknesses and stacking sequences [0/90] and
[45/�45] composed of the graphite-epoxy composite with material
properties described in the previous section.

The panel is loaded on the top surface by the sinusoidally dis-
tributed temperature, while the bottom surface is maintained at
the reference temperature, that is

Hþ ¼ H0 sin
ph1

L
; H� ¼ 0; ð56Þ

where H0 = 1 K and T0 = 293 K. To compare the results derived with
the analytical solution of Vel and Batra [40], we accept L = 1 m and
introduce dimensionless variables as follows:

�u1¼10u1ðL=4;zÞ=La0H0; �u2¼10u2ð3L=4;zÞ=La0H0; �u3¼u3ðL=2;zÞ=La0H0;

�r11¼10r11ðL=2;zÞ=E0a0H0; �r13¼100r13ðL=4;zÞ=E0a0H0;

�r23¼100r23ðL=4;zÞ=E0a0H0; �r33¼100r33ðL=2;zÞ=E0a0H0;

H¼HðL=2;zÞ=H0; �q3¼Lq3ðL=2;zÞ=k0H0; �g¼gðL=2;zÞ=E0a2
0H0; z¼h3=h:

The data listed in Tables 3 and 4 show that the SaS method per-
mits the derivation of exact solutions of plane strain thermoelastic-
ity for cross-ply and angle-ply thick panels with a prescribed
accuracy by using the sufficient number of SaS. These results dem-
onstrate again the high potential of the SaS formulation developed.
It is necessary to note that here both outer surfaces and a layer
interface are included into a set of SaS because of the boundary
conditions (56). Figs. 3 and 4 display through-thickness distribu-
tions of temperature, heat flux, entropy and stresses for cross-ply
and angle-ply panels employing 11 SaS for each layer. It is seen
that boundary conditions for transverse stresses and continuity
conditions for the heat flux and transverse stresses are satisfied
correctly.
5Þ �r23ð0:25Þ �r33ð0:25Þ Hð0:25Þ �q3ð0:25Þ �gð0:25Þ

0.0000 0.63471 0.60685 �7.7129 679.15
0.0000 0.28826 0.60996 �7.6187 682.60
0.0000 0.28870 0.60996 �7.6186 682.60
0.0000 0.28870 0.60996 �7.6186 682.60
0.0000 0.28870 0.60996 �7.6186 682.60
0.0000 0.289

5Þ �r23ð0:25Þ �r33ð0:25Þ Hð0:25Þ �q3ð0:25Þ �gð0:25Þ

�1.1563 7.8971 0.32457 �8.8888 364.07
�1.4364 0.05346 0.32719 �7.2800 366.22
�1.4367 0.15040 0.32714 �7.3220 366.19
�1.4366 0.14830 0.32714 �7.3216 366.19
�1.4366 0.14831 0.32714 �7.3215 366.19
�1.4366 0.14831 0.32714 �7.3215 366.19
�1.44 0.148



Fig. 3. Through-thickness distributions of temperature, heat flux, stresses and entropy for a cross-ply panel [0/90] with I1 = I2 = 11.
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7. 3D exact solution for laminated orthotropic cylindrical shells

In this section, we consider a laminated orthotropic cylindrical
shell subjected to thermal and mechanical loading. Let the middle
surface of the radius R be described by axial and circumferential
coordinates h1 and h2. In this case, the boundary conditions for sim-
ply supported cylindrical shells with the edges maintained at the
reference temperature are written as

rðnÞ11 ¼ uðnÞ2 ¼ uðnÞ3 ¼ HðnÞ ¼ 0 at h1 ¼ 0 and h1 ¼ L; ð57Þ

where L is the length of the shell. To satisfy boundary conditions, we
search for the analytical solution of the problem through the use of
double Fourier series
HðnÞin ¼
X

r;s

HðnÞinrs sin
rph1

L
cos sh2; ð58Þ

uðnÞin1 ¼
X

r;s

uðnÞin1rs cos
rph1

L
cos sh2; uðnÞin2 ¼

X
r;s

uðnÞin2rs sin
rph1

L
sin sh2;

uðnÞin3 ¼
X

r;s

uðnÞin3rs sin
rph1

L
cos sh2; ð59Þ

where r and s are the wave numbers in h1- and h2-directions. The
external mechanical loads are also expanded in double Fourier
series.

Substituting Eqs. (58) and (59) and Fourier series corresponding
to mechanical loading in Eqs. (10), (11), (25), (26), (27), (31), (33),
(37), (42), (46) and (47), one obtains



Fig. 4. Through-thickness distributions of temperature, heat flux, stresses and entropy for an angle-ply panel [45/�45] with I1 = I2 = 11.

Table 5
Results for a cross-ply cylindrical shell with R/h = 2.

In �u1ð0:5Þ �u2ð0:5Þ �u3ð0Þ �r11ð�0:5Þ �r13ð0:25Þ �r23ð�0:25Þ �r33ð�0:25Þ Hð0:25Þ �q3ð0:25Þ �gð0:25Þ

3 �4.1850 �4.3275 5.3367 2.2227 �6.8064 �0.49722 13.193 0.34532 �6.9922 387.10
7 �4.1542 �4.3013 5.2758 2.2454 �7.1386 �0.44385 3.0014 0.35089 �6.1092 392.67

11 �4.1542 �4.3013 5.2758 2.2454 �7.1387 �0.44395 2.9989 0.35097 �6.1099 392.75
15 �4.1542 �4.3013 5.2758 2.2454 �7.1387 �0.44396 2.9988 0.35097 �6.1099 392.75
19 �4.1542 �4.3013 5.2758 2.2454 �7.1387 �0.44396 2.9988 0.35097 �6.1099 392.75
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J ¼
X

r;s

Jrs HðnÞinrs

� �
; ð60Þ

P ¼
X

r;s

Prs uðnÞinirs ;HðnÞinrs

� �
: ð61Þ

Using variational equations (28) and (34) and accounting for
Eqs. (60) and (61), we arrive at two systems of linear algebraic
equations
@Jrs

@HðnÞinrs

¼ 0; ð62Þ

@Prs

@uðnÞinirs

¼ 0 ð63Þ

of orders K and 3K, where K ¼
P

nIn � N þ 1. The linear systems (62)
and (63) are solved independently by the Gaussian elimination
method.



Table 6
Results for a cross-ply cylindrical shell with R/h = 10.

In �u1ð0:5Þ �u2ð0:5Þ �u3ð0Þ �r11ð�0:5Þ �r13ð0:25Þ �r23ð�0:25Þ �r33ð�0:25Þ Hð0:25Þ �q3ð0:25Þ �gð0:25Þ

3 �2.7761 �3.7169 5.8067 7.2090 �10.268 �0.69527 �4.8000 0.71285 �4.3036 796.77
7 �2.7761 �3.7166 5.8063 7.2061 �10.679 �0.18643 �0.37727 0.71291 �4.2685 796.79

11 �2.7761 �3.7166 5.8063 7.2061 �10.679 �0.18645 �0.37760 0.71291 �4.2685 796.79
15 �2.7761 �3.7166 5.8063 7.2061 �10.679 �0.18645 �0.37760 0.71291 �4.2685 796.79

Fig. 5. Through-thickness distributions of temperature, heat flux and displacements for a cross-ply cylindrical shell with I1 = I2 = 11.
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The described algorithm was performed with the Symbolic
Math Toolbox, which incorporates symbolic computations into
the numeric environment of MATLAB. This technique gives the
possibility to derive the 3D exact solutions of thermoelasticity
for laminated orthotropic cylindrical shells with a specified
accuracy.

7.1. Two-layer cross-ply cylindrical shell

As a numerical example, we study a two-layer cross-ply cylin-
drical shell [0/90] with ply thicknesses h1 = h2 = h/2. The shell is
made of the graphite-epoxy composite with material properties
given in section 6.1.

The shell is subjected on the top surface to sinusoidally distrib-
uted temperature loading, whereas the bottom surface is main-
tained at the reference temperature

Hþ ¼ H0 sin
ph1

L
cos h2; H� ¼ 0; ð64Þ

where H0 = 1 K and T0 = 293 K. To analyze the results effectively, we
introduce dimensionless variables at crucial points
�u1 ¼ 10u1ð0;0; zÞ=La0H0; �u2 ¼ 10u2ðL=2;p=2; zÞ=La0H0;

�u3 ¼ 10u3ðL=2;0; zÞ=La0H0;

�r11 ¼ 10r11ðL=2;0; zÞ=E0a0H0;

�r13 ¼ 100Sr13ð0;0; zÞ=E0a0H0;

�r23 ¼ 100Sr23ðL=2;p=2; zÞ=E0a0H0;

�r33 ¼ 103Sr33ðL=2;0; zÞ=E0a0H0;

H ¼ HðL=2;0; zÞ=H0; �q3 ¼ Lq3ðL=2;0; zÞ=Sk0H0;

�g ¼ gðL=2;0; zÞ=E0a2
0H0; z ¼ h3=h;

where L = 1 m, R = 0.25 m and S = R/h.
The results of the convergence study are presented in Tables 5 and

6. It is seen that the SaS method provides five right digits for all basic
variables of thick cylindrical shells utilizing the sufficiently large
number of SaS. Figs. 5 and 6 show distributions of the temperature,
heat flux, displacements, transverse stresses and entropy through
the thickness of the shell for different values of the slenderness ratio
S by choosing 11 SaS for each layer. One can see that boundary condi-
tions for the transverse stresses on the bottom and top surfaces and
continuity conditions for the heat flux and transverse stresses at a
layer interface are satisfied again with a high accuracy.



Fig. 6. Through-thickness distributions of transverse stresses and entropy for a cross-ply cylindrical shell with I1 = I2 = 11.
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8. Conclusions

The application of the SaS method to 3D steady-state problems
for thermoelastic laminated orthotropic and anisotropic shells has
been presented. It has been shown that in the case of the heat flux
boundary conditions it is possible to use all SaS located at the
Chebyshev polynomial nodes inside the shell body. This allows
one to minimize uniformly the error due to the Lagrange interpo-
lation. In other cases of thermal loading it is necessary to include
additionally the outer surfaces into a set of SaS. The stress analysis
of laminated composite shells is based on the constitutive equa-
tions and gives an opportunity to obtain the 3D exact solutions
of thermoelasticity for thick and thin cross-ply and angle-ply shells
with a specified accuracy.
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